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Abstract
Let p be a prime number and F a totally real field. In this article, we obtain a p-adic interpolation
of spaces of totally definite quaternionic automorphic forms over F of finite slope, and construct p-adic
families of automorphic forms parametrized by affinoid Hecke varieties. Further, as an application to the
case where [F : Q] is even, we obtain p-adic analytic families of Hilbert eigenforms having fixed finite
slope parametrized by weights. This is an analogue of Coleman’s analytic families in [R.F. Coleman, p-Adic
Banach spaces and families of modular forms, Invent. Math. 127 (1997) 417–479].
© 2006 Elsevier Inc. All rights reserved.
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0. Introduction
Let p be a prime number. We fix an algebraic closure Q¯ of the field Q of rational numbers and
an embedding Q¯ ↪→ Q¯p , where Q¯p is an algebraic closure of the field Qp of p-adic numbers.
We denote the p-adic completion of Q¯p by Cp .
Hida [11,12] showed that there exist p-adic families of ordinary cuspidal eigenforms parame-
trized by weights. This result was generalized by Coleman [6,7] to the case of any fixed finite
slope. Further, Coleman and Mazur [8] constructed a rigid analytic object parametrizing cuspidal
eigenforms of all finite slopes, which is called eigencurve. On the other hand, Hida has studied
ordinary automorphic forms on some reductive groups (cf. [15]). In this article, we shall study
p-adic families of Hilbert cuspidal eigenforms of any fixed finite slope and rigid analytic objects
parametrizing such eigenforms of all finite slopes.
Let F be a totally real number field of degree g := [F : Q]. In this article, we shall get a
p-adic interpolation of spaces of classical automorphic forms on totally definite quaternion al-
gebras over F . Then we shall obtain affinoid varieties which parametrize Cp-valued Cp-algebra
homomorphisms on Hecke algebras acting on spaces of p-adic automorphic forms of fixed fi-
nite slope. We call them affinoid Hecke varieties. Gluing affinoid Hecke varieties together, we
then construct rigid analytic spaces, which we call rigid analytic Hecke spaces, parametrizing
Cp-valued Cp-algebra homomorphisms on Hecke algebras acting on spaces of p-adic automor-
phic forms of all finite slopes. As applications to the case where g is even, using rigid analytic
Hecke spaces, we shall associate Galois representations to p-adic automorphic forms. Moreover,
we shall obtain p-adic analytic families of classical automorphic forms having fixed finite slope
parametrized by weights which pass through a given classical eigenform.
The method which we shall use in this article is based on works of Buzzard [4] on “eigen-
variety machine,” and of Chenevier [5] dealing with automorphic forms on any twisted form
of GLn over Q which is compact at infinity modulo center. Buzzard [4] also gives a construction
of rigid analytic spaces, which are called eigenvarieties, parametrizing Cp-valued Cp-algebra
homomorphisms on Hecke algebras acting on spaces of p-adic quaternionic automorphic forms
having finite slopes at all prime ideals of F above p. On the other hand, we need the finiteness of
slopes at not all prime ideals but at least one prime ideal above p. Another main difference is that
his eigenvarieties are parametrized by some bigger weight spaces (written as W in his notation)
than ours (cf. Remark 3.2).
Let us see the organization of this article. Let B be a totally definite quaternion algebra over
F and G the algebraic group over Q defined by G(A) := (B ⊗Q A)× for any Q-algebra A. In
Section 1, we define spaces of classical (Definition 1.1) and p-adic automorphic forms on G
(Definition 1.3) which are p-adic Banach modules satisfying the property (Pr) of [4, Section 2].
We introduce the Hecke operator T (π) which acts on spaces of p-adic automorphic forms com-
pletely continuously in Section 2. Then we can prove the classicality of p-adic automorphic
forms of small T (π)-slope (Theorem 2.3) and the local constancy of dimensions of spaces
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orem 2.7). In Section 3, we introduce Hecke algebras on spaces of p-adic automorphic forms.
Applying Chenevier’s works on Newton polygons of Fredholm determinants over affinoid alge-
bras in [5, Sections 5.4 and 6.2], we construct affinoid Hecke varieties (Theorem 3.2). Further,
we construct rigid analytic Hecke spaces by applying Buzzard’s eigenvariety machine [4, Part I]
(Theorem 3.3). In Section 4, we shall be in the case where B is unramified at all finite places of F .
This implies that g = [F : Q] must be even by the Hasse principle. In this case, we can apply re-
sults in Sections 1–3 to classical Hilbert cusp forms by virtue of a result of Jacquet-Langlands and
Shimizu. Then we see that there exist Galois representations associated to p-adic eigenforms by
applying the argument in [8, Section 5.1] on pseudo-representations of dimension 2 over rigid an-
alytic spaces as in [5, Section 7.4] (Corollary 4.3). Further, we construct p-adic analytic families
of classical eigenforms parametrized by weights in some special cases (Theorems 4.4 and 4.5).
In particular, Theorem 4.5 is an analogue of Coleman’s result [7, Corollary B5.7.1] on p-adic
analytic families of elliptic p′-new eigenforms.
Remark 0.1. Kisin and Lai [17] constructed spaces of overconvergent Hilbert modular forms on
moduli schemes for Hilbert–Blumenthal abelian varieties and showed the existence of families
of overconvergent Hilbert eigenforms. On the other hand, Kassaei [16] constructed overconver-
gent P-adic modular forms on quaternion algebras defined over any totally real field F which
are unramified at P and exactly one infinite place, where P is a prime ideal of F above p whose
residue field has cardinality > 3. Then he showed the local constancy of dimensions of spaces
of overconvergent forms. Recently, Emerton [9] has shown an approach to obtain p-adic inter-
polation of systems of eigenvalues associated to automorphic eigenforms, which is based on the
theory of locally analytic p-adic representations.
1. Classical and p-adic automorphic forms
In this section, we define spaces of classical and p-adic automorphic forms on the algebraic
groups defined by the unit groups of totally definite quaternion algebras over totally real fields.
1.1. Classical automorphic forms
Let F be a totally real field of degree g and O its ring of integers. Let p be a prime number. In
this article, we fix an algebraic closure Q¯ of the field Q of rational numbers and two embeddings
of fields ip : Q¯ ↪→ Q¯p , i∞ : Q¯ ↪→ C, where Q¯p is a fixed algebraic closure of the field Qp of p-
adic numbers and C is the field of complex numbers. We denote by Cp the p-adic completion
of Q¯p . Then we fix an isomorphism Cp ∼−→ C of fields which makes the diagram
Q¯
i∞
ip
C
Q¯p Cp
∼=
commutative, where Q¯p → Cp is the homomorphism given by taking the p-adic completion.
Let ordp be the normalized p-adic valuation in Cp so that ordp(p) = 1 and | · | the absolute
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consisting of elements s such that |s| 1. Let p1, . . . ,pr be all prime ideals of F above p. Then
the set I of all embeddings σ :F ↪→ Q¯ has the partition I =⊔ri=1 Ii , where Ii is the subset of I
consisting of those σ for which the inverse image under ıp ◦ σ of the prime ideal of OCp is pi .
In particular, any σ ∈ Ii induces an embedding (again denoted by σ ) of Fpi into Cp . For each
σ ∈ I , we denote the subscript i such that σ ∈ Ii by i(σ ).
Let B be a totally definite quaternion algebra over F . Here we mean by “totally definite”
that B is ramified at all infinite places of F . We fix a maximal order R of B and a finite Galois
extension K0 over Q containing F for which there is an isomorphism
B ⊗Q K0 ∼= M2(K0)I
such that we have R ⊗Z O0 ∼= M2(O0)I , where M2(A) with some ring A stands for the ring
of 2 × 2 matrices with coefficients in A and Z and O0 are the rings of integers in Q and K0,
respectively. Moreover, for a prime ideal l at which B is unramified, we fix an isomorphism
B ⊗F Fl ∼= M2(Fl)
such that we have R ⊗O Ol ∼= M2(Ol), where Ol is the l-adic completion of O . Let G be the
algebraic group defined over Q given by
G(A) := (B ⊗Q A)×
for Q-algebras A. Let A be the adele ring of Q and Af its finite part. We denote by K the p-adic
completion of ip(K0) in Cp whose ring of integers is denoted by O. Then K contains the image
of σ :Fpi(σ ) → Cp for all σ ∈ I . For γ ∈ G(Af) and σ ∈ I , we define the σ -projection γσ as
follows: under the natural identification
G(Qp) =
r∏
i=1
(B ⊗F Fpi )×,
the p-part of γ , denoted by γp , can be viewed as an r-tuple (γ1, . . . , γr ). We define γσ to be the
image of γi(σ ) in GL2(K) under the following map:
(B ⊗F Fpi(σ ) )× id⊗σ−−−→ (B ⊗F K)× ∼= GL2(K).
Let N be an integral ideal of F at which B is unramified. We put Rˆ := R ⊗Z Zˆ, where Zˆ :=∏
l: prime Zl with the rings Zl of l-adic integers. We define an open compact subgroup of Rˆ×,
Γ1(N) :=
{
x ∈ Rˆ× with xN =
(
a b
c d
) ∣∣∣∣ a − 1, c, d − 1 ∈ NON
}
,
where ON =∏l|N : prime Ol, and xN is the N -part of x viewed after identifying the N -part of
Rˆ with M2(ON). By the approximation theorem, there exist t1, . . . , th ∈ G(A) for some positive
integer h such that (ti)N = 1 and (ti)∞ = 1 for each i = 1, . . . , h and
A. Yamagami / Journal of Number Theory 123 (2007) 363–387 367G(A) =
h⊔
i=1
G(Q)tiΓ1(N)G(R)+, (1)
where G(R)+ is the connected component of G(R) containing the identity. We fix the decompo-
sition (1) in this article and put
Γi :=
(
t−1i G(Q)ti
)∩ Γ1(N)G(R)+
for each i = 1, . . . , h, which is a discrete subgroup of G(R)+ (cf. [13, Section 2]). Since
we assume that B is totally definite, we see that the quotient subgroup Γi/Γi ∩ (F ⊗Q R)×
of G(R)+/G(R)+ ∩ (F ⊗Q R)× is finite for each i = 1, . . . , h.
Let Z[I ] be the free Z-module generated by I . We define an equivalence relation ∼ in Z[I ]
as follows: for a, b ∈ Z[I ], a ∼ b if and only if a − b ∈ Zt0, where t0 :=∑σ∈I σ . We then put
W cl := {(n, v) ∈ Z[I ] × Z[I ] ∣∣ n+ 2v ∼ 0, n > 0},
where we mean by n > 0 that n is positive, i.e., all coefficients nσ of n are positive integers.
We call W cl the set of classical weights. For (n, v) ∈ W cl and any O-algebra A, we denote by
L(n, v;A) the left GL2(O)I -module consisting of polynomials P of 2g-parameters (Xσ ,Yσ )σ∈I
with coefficients in A which are homogeneous of degree nσ for each variable (Xσ ,Yσ ), on which
γ = (γσ )σ∈I ∈ GL2(O)I acts by
γ · P := det(γ )vP (((Xσ ,Yσ )tγ ισ )σ∈I ). (2)
Here we define det(γ )v := ∏σ∈I det(γσ )vσ and for a 2 × 2 matrix x = ( a bc d ), we put xι :=(
d −b
−c a
)
.
Definition 1.1. For (n, v) ∈ W cl and an O-algebra A, we put
Scl(n,v)
(
G;Γ1(N);A
) := {f :G(Q) \G(Af) → L(n, v;A): function ∣∣
f (xu) = u−1 · f (x) for u ∈ Γ1(N), x ∈ G(Af)
}
,
which we call the space of classical automorphic forms of level Γ1(N) and weight (n, v) on G
(defined over A).
Remark 1.1. In the case where we regard A = C as an O-algebra via the fixed isomorphism
Cp
∼−→ C and B is unramified at all finite places of F (hence g must be even by the Hasse
principle (cf. [23, XIII, Sections 3 and 6])), it is known that Scl(n,v)(G;Γ1(N);C) are isomorphic
to the spaces of classical holomorphic Hilbert cusp forms of weight (nσ + 2)σ∈I and level N by
a result of Jacquet-Langlands and Shimizu (cf. [13, Theorem 2.1]). That is why we call them the
spaces of classical automorphic forms.
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We fix a classical weight (n, v) ∈ W cl. We denote by μ(n, v) the integer determined by the
relation n + 2v = μ(n, v)t0. Let N be an integral ideal of F which is not prime to p and which
is unramified in B . We now take arbitrarily s ( r) prime ideals above p which divide N .
We may denote them by p1, . . . ,ps . We then put I ′ :=⊔si=1 Ii ⊂ I and denote the cardinality
of I ′ by g′ ( g). We fix a prime element πi of the pi -adic completion Fpi of F at pi for each
i = 1, . . . , s. We then denote by ( 1 00 π ) the element of G(Af) whose pi -part is the diagonal matrix( 1 0
0 πi
)
for each i = 1, . . . , s and whose other parts are trivial. Let δi be the positive integer such
that pδii divides N exactly for each i = 1, . . . , s. Then for each σ ∈ I , and i = i(σ ), we denote
by 
σi the element πσi ∈O if p > 2, or (πσi )δi ∈O if p = 2. For an element γ ∈ Γ1(N), we can
write its σ -projection as
γσ =
(1 +
σi aσ bσ

σi cσ 1 +
σi dσ
)
,
where aσ , bσ , cσ , dσ are in O, and i = i(σ ). Then we have
(Xσ ,Yσ )
tγσ
ι = ((1 +
σi(σ )dσ )Xσ − bσYσ ,Yσ +
σi(σ )(aσ Yσ − cσXσ )) (3)
for all σ ∈ I ′, and
(Xσ ,Yσ )
t(1 0
0 π
)ι
σ
=
{
(πσi(σ )Xσ ,Yσ ) (σ ∈ I ′),
(Xσ ,Yσ ) (σ ∈ I \ I ′).
(4)
For any element γ = γ1
( 1 0
0 π
)
γ2 with γ1, γ2 ∈ Γ1(N), using actions (3) and (4), we define a
K-endomorphism [γ ](n,v) on L(n, v;K) by
[γ ](n,v) · P :=
∏
τ∈I\I ′
det(γτ )vτ
∏
σ∈I ′
det(γ1σ γ2σ )vσ
× P (((Xτ ,Yτ )tγ ιτ )τ∈I ). (5)
Let K〈xσ | σ ∈ I ′〉 be the ring of strictly convergent power series in g′-variables (xσ )σ∈I ′
with coefficients in K , which is the subring of the formal power series ring K[[xσ | σ ∈ I ′]]
consisting of power series P(x) =∑
(iσ )σ∈I ′ ∈ZI ′0 a(iσ )σ∈I ′
∏
σ∈I ′ x
iσ
σ such that |a(iσ )σ∈I ′ | → 0 as∑
σ∈I ′ iσ → ∞. This is an orthonormizable K-Banach algebra with sup norm | · | with respect to
coefficients in K . (For this notion in the p-adic Banach theory, see [7, Chapter A].) We can take
the set {∏σ∈I ′ xiσσ | iσ  0, σ ∈ I ′} as an orthonormal basis of K〈xσ | σ ∈ I ′〉. We define actions
on the variables (xσ )σ∈I ′ of the σ -projections of γ ∈ Γ1(N) and
( 1 0
0 π
)
for σ ∈ I ′ as follows:
γσ · xσ :=
−bσ + (1 +
σi(σ )dσ )xσ
1 +
σ
i(σ )
(aσ − cσ xσ ) ,
(
1 0
0 π
)
σ
· xσ := πσi(σ )xσ . (6)
Note that the denominator 1 + 
σi(σ )(aσ − cσ xσ ) in the action (6) is a unit in O〈xσ 〉. Then by
[7, Lemma A1.6], we see that elements in the double coset Γ1(N)
( 1 0 )Γ1(N) give completely0 π
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operator norm |L| of a continuous endomorphism L on a Banach module M is defined by
|L| := sup
0=m∈M
|L(m)|
|m| .
We now define a K-Banach space L˜(n, v;K〈xσ | σ ∈ I ′〉) as the set of polynomials P
of 2(g − g′)-parameters (Xτ ,Yτ )τ∈I\I ′ with coefficients in K〈xσ | σ ∈ I ′〉 which are homo-
geneous of degree nτ for each variable (Xτ ,Yτ ). This is orthonormizable with orthonormal basis
{( ∏
τ∈I\I ′
Xaττ Y
bτ
τ
) ∏
σ∈I ′
xmσσ
∣∣∣∣ aτ + bτ = nτ with aτ , bτ  0, mσ  0
}
.
We then define an action of γ ∈ Γ1(N) as
[γ ](n,v) · P :=
∏
τ∈I\I ′
det(γτ )vτ
( ∏
σ∈I ′
jσ (γσ )
nσ det(γσ )vσ
)
× P (((Xτ ,Yτ )tγ ιτ )τ∈I\I ′ ; (γσ · xσ )σ∈I ′), (7)
where we put jσ (γσ ) := 1 +
σi(σ )(aσ − cσ xσ ), which is the denominator of the action (6) of γσ
on the variable xσ for each σ ∈ I ′. As for γ = γ1
( 1 0
0 π
)
γ2 ∈ Γ1(N)
( 1 0
0 π
)
Γ1(N) with γ1, γ2 ∈
Γ1(N), we define a completely continuous K-endomorphism [γ ](n,v) on L˜(n, v;K〈xσ | σ ∈ I ′〉)
with operator norm  1 as
[γ ](n,v) · P :=
∏
τ∈I\I ′
det(γτ )vτ
( ∏
σ∈I ′
jσ (γσ )
nσ det(γ1σ γ2σ )vσ
)
× P (((Xτ ,Yτ )tγ ιτ )τ∈I\I ′ ; (γσ · xσ )σ∈I ′), (8)
where we define jσ (γσ ) ∈O〈xσ 〉 as in the case of Γ1(N). Putting xσ = XσYσ for each σ ∈ I ′, we
then see easily the following lemma which is essential to constructing a p-adic interpolation of
the spaces of classical automorphic forms:
Lemma 1.1. We have a natural K-inclusion
L(n, v;K) ↪→ L˜(n, v;K〈xσ | σ ∈ I ′〉),
P
(
(Xτ ,Yτ )τ∈I
) → P ((Xτ ,Yτ )τ∈I\I ′ ; (xσ ,1)σ∈I ′)
which is compatible with the actions of Γ1(N) on these spaces defined by (2) and (7) above.
Further, this inclusion is also compatible with the K-endomorphisms on these spaces given by
elements in the double coset Γ1(N)
( 1 0 )Γ1(N) defined by (5) and (8) above.0 π
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the set of polynomials P of 2(g − g′)-parameters (Xτ ,Yτ )τ∈I\I ′ with coefficients in K〈ξσ , xσ |
σ ∈ I ′〉 which are homogeneous of degree nτ for each variable (Xτ ,Yτ ). We can take the set{( ∏
τ∈I\I ′
Xaττ Y
bτ
τ
) ∏
σ∈I ′
xmσσ
∣∣∣∣ aτ + bτ = nτ with aτ , bτ  0, mσ  0
}
as an orthonormal basis of S over K〈ξσ | σ ∈ I ′〉. Let e(pi ) be the ramification index of the prime
ideal pi in F/Q. In order to define an action of Γ1(N) on S, we assume the condition
(ram) for each i = 1, . . . , s, e(pi ) < p − 1 if p > 2,
or e(pi ) < δi if p = 2,
is satisfied in the following. We see that jσ (γσ ) for elements γ of either Γ1(N) or
Γ1(N)
( 1 0
0 π
)
Γ1(N), and det(γσ ) for γ ∈ Γ1(N) are of the form 1 + 
σi(σ )a with some a ∈ O
for each σ ∈ I ′. We can therefore raise any such element to any power s ∈ Cp (respectively
Cp〈ξσ 〉) such that |s| 1 if p > 2, or |s| 2 if p = 2, via a convergent power series
(
1 +
σi(σ )a
)s := 1 +∑
k1
s(s − 1) · · · (s − k + 1)
k!
(

σi(σ )
)k
ak (9)
and get elements in OCp (respectively OCp 〈ξσ 〉) because of the assumption (ram) (cf. [5,
Lemme 3.6.1]). We then define an action [γ ] of γ ∈ Γ1(N) on S as
[γ ] · P :=
∏
τ∈I\I ′
det(γτ )vτ
( ∏
σ∈I ′
jσ (γσ )
ξσ det(γσ )
μ(n,v)−ξσ
2
)
× P (((Xτ ,Yτ )tγ ιτ )τ∈I\I ′ ; (ξσ , γσ · xσ )σ∈I ′). (10)
Note that this definition of [γ ] depends on the fixed classical weight (n, v). As for γ =
γ1
( 1 0
0 π
)
γ2 ∈ Γ1(N)
( 1 0
0 π
)
Γ1(N) with γ1, γ2 ∈ Γ1(N), we define a K〈ξσ | σ ∈ I ′〉-endomorphism
on S as
[γ ] · P :=
∏
τ∈I\I ′
det(γτ )vτ
( ∏
σ∈I ′
jσ (γσ )
ξσ det(γ1σ γ2σ )
μ(n,v)−ξσ
2
)
× P (((Xτ ,Yτ )tγ ιτ )τ∈I\I ′ ; (ξσ , γσ · xσ )σ∈I ′), (11)
which is completely continuous with operator norm  1.
Definition 1.2. We denote by W(n,v) the g′-dimensional closed affinoid ball over K of ra-
dius 1 around (nσ )σ∈I ′ . Then the set W(n,v)(Cp) of its Cp-valued points coincides with OI ′Cp
and K〈ξσ | σ ∈ I ′〉 is the affinoid algebra associated to W(n,v). (For the details of affinoid alge-
bras and affinoid varieties, see [1, Part B and Chapter 7] and [7, Section A5].) We call it the space
of the I ′-parts of p-adic weights associated to (n, v). We then associate (tσ := μ(n,v)−sσ2 )σ∈I ′ to
any point (sσ )σ∈I ′ ∈W(n,v)(Cp), and put the p-adic weight (s, t) as
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∑
σ∈I ′
sσ σ +
∑
τ∈I\I ′
nτ τ and
t := μ(n, v)t0 − s
2
=
∑
σ∈I ′
tσ σ +
∑
τ∈I\I ′
vτ τ.
Further, we denote by W cl(n,v) the subset of W(n,v)(Cp) consisting of elements (n′σ )σ∈I ′ whose
components are positive integers of the same parity as μ(n, v) for all σ ∈ I ′. We call it the set
of the I ′-parts of classical weights associated to (n, v). For (n′σ )σ∈I ′ ∈ W cl(n,v), we put (v′σ :=
μ(n,v)−n′σ
2 )σ∈I ′ and define (n
′, v′) as well as (s, t). By the definition of W cl
(n,v)
, we see that v′σ are
also integers for all σ ∈ I ′ and that n′ + 2v′ = μ(n, v)t0.
For (sσ )σ∈I ′ ∈W(n,v)(Cp), we denote by K(s,t) the p-adic completion in Cp of the fraction
field of K〈ξσ | σ ∈ I ′〉/(ξσ − sσ | σ ∈ I ′). We denote by S(s,t) the specialized orthonormizable
K(s,t)-Banach space S ⊗K〈ξσ |σ∈I ′〉 K(s,t). Then we denote by [γ ](s,t) the specialized K(s,t)-
endomorphism [γ ] ⊗K(s,t) on S(s,t) for elements γ of Γ1(N) and Γ1(N)
( 1 0
0 π
)
Γ1(N). Note that
for any (n′σ )σ∈I ′ ∈ W cl(n,v), we can identify the K[Γ1(N)]-module S(n′,v′) with L˜(n′, v′;K〈xσ |
σ ∈ I ′〉) defined before without the condition (ram), in a way compatible with the action.
Definition 1.3. (1) Assume the condition (ram). We define the space of p-adic automorphic
forms of level Γ1(N) on G (with coefficients in K) as
S
(
G;Γ1(N)
) := {f :G(Q) \G(Af) → S: function ∣∣
f (xu) = [u−1] · f (x), u ∈ Γ1(N), x ∈ G(Af)}.
We then have a K-isomorphism
S
(
G;Γ1(N)
) ∼−→ h⊕
i=1
SΓi , f → (f (t1), . . . , f (th)), (12)
where t1, . . . , th ∈ G(A) are the fixed representatives of the decomposition (1). Here each SΓi
is the submodule of the orthonormizable K〈ξσ | σ ∈ I ′〉-module S consisting of elements fixed
under the action of Γi = (t−1i G(Q)ti ) ∩ Γ1(N)G(R)+. Since Γi acts on S via the finite quotient
group Γi/Γi ∩ (F ⊗Q R)× because of the assumption n + 2v ∼ 0, we then see that SΓi satisfies
the property (Pr) of [4, Section 2] for each i = 1, . . . , h. We now define a norm in S(G;Γ1(N))
via this isomorphism as
|f | := sup
1ih
∣∣f (ti)∣∣.
Therefore, S(G;Γ1(N)) can be regarded as a K〈ξσ | σ ∈ I ′〉-Banach module with the norm | · |
which satisfies the property (Pr) of [4, Section 2].
(2) Let (sσ )σ∈I ′ ∈ W(n,v)(Cp). Assume the condition (ram) in the case where (sσ )σ∈I ′ /∈
W cl(n,v). We define the space of p-adic automorphic forms of weight (s, t) and level Γ1(N) on G
(defined over K(s,t)) as
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(
G;Γ1(N)
) := {f :G(Q) \G(Af) → S(s,t): function ∣∣
f (xu) = [u−1]
(s,t)
· f (x), u ∈ Γ1(N), x ∈ G(Af)
}
.
Then we have an isomorphism
S(s,t)
(
G;Γ1(N)
) ∼−→ h⊕
i=1
S
Γi
(s,t), f →
(
f (t1), . . . , f (th)
) (13)
of K(s,t)-Banach spaces satisfying the property (Pr) of [4, Section 2], where we define a norm
in S(s,t)(G;Γ1(N)) as
|f | := sup
1ih
∣∣f (ti)∣∣.
By Lemma 1.1, we can see easily the following
Lemma 1.2. For any (n′σ )σ∈I ′ ∈ W cl(n,v), we have an inclusion
Scl(n′,v′)
(
G;Γ1(N);K
)
↪→ S(n′,v′)
(
G;Γ1(N)
)
of K-Banach spaces satisfying the property (Pr) of [4, Section 2].
2. p-Adic automorphic forms of small T (π)-slope
Let the notation be as in Section 1.2. In this section, we shall introduce the Hecke operator
T (π) on the spaces of p-adic automorphic forms. Then we shall investigate some properties
of p-adic automorphic forms having small T (π)-slope.
2.1. The Hecke operator T (π)
In this subsection, we assume the condition (ram), i.e., e(pi ) < p − 1 if p > 2, or e(pi ) < δi
if p = 2, for all i = 1, . . . , s, unless we deal with the I ′-parts of classical weights in W cl(n,v). In
order to define the Hecke operator T (π), we decompose the double coset Γ1(N)
( 1 0
0 π
)
Γ1(N) to
a disjoint union of right cosets as
Γ1(N)
(
1 0
0 π
)
Γ1(N) =
l⊔
i=1
ζiΓ1(N). (14)
For f ∈ S(G;Γ1(N)) (respectively S(s,t)(G;Γ1(N)) for (sσ )σ∈I ′ ∈W(n,v)(Cp)), we put
(
f
∣∣ T (π))(x) := l∑
i=1
[ζi] · f (xζi)
(
respectively
l∑
i=1
[ζi](s,t) · f (xζi)
)
(15)
for x ∈ G(Q) \ G(Af). Note that this definition is independent of choices of representatives {ζi}
and f | T (π) is also an element of S(G;Γ1(N)) (respectively S(s,t)(G;Γ1(N))) (cf. [13, Sec-
tion 2]).
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is completely continuous on S(G;Γ1(N)) and S(s,t)(G;Γ1(N)) for any (sσ )σ∈I ′ ∈W(n,v)(Cp)
with operator norm  1.
Proof. We shall prove the proposition for S(G;Γ1(N)). The case of S(s,t)(G;Γ1(N)) can be
dealt with similarly. To see the complete continuity of T (π), we calculate the action of T (π) on⊕h
j=1 SΓj via the isomorphism (12) by means of the decomposition (14). For a p-adic automor-
phic form f ∈ S(G;Γ1(N)), the image of f | T (π) under the isomorphism (12) is
((
f | T (π))(t1), . . . , (f | T (π))(th))
=
l∑
i=1
([ζi] · f (t1ζi), . . . , [ζi] · f (thζi)).
We fix 1 i  l. For each j = 1, . . . , h, there exist 1 σi(j) h and ui(j) ∈ Γ1(N) such that
tj ζi = tσi (j)ui(j)
in G(Q) \G(Af) by the decomposition (1). Then we see that
f (tj ζi) = f
(
tσi (j)ui(j)
)= [ui(j)−1] · f (tσi(j))
by the definition of automorphic forms of level Γ1(N). Therefore we see that
((
f | T (π))(t1), . . . , (f | T (π))(th))
=
l∑
i=1
([
ζiui(1)−1
] · f (tσi (1)), . . . , [ζiui(h)−1] · f (tσi (h))).
Thus the proposition is proven, because the endomorphisms [·] given by the double coset
Γ1(N)
( 1 0
0 π
)
Γ1(N) on S are completely continuous with operator norm  1. 
Remark 2.1. Note that our definition of T (π) viewed on the classical subspace differs from
Hida’s definition in [13, Section 3].
We denote by K〈ξσ | σ ∈ I ′〉{{X}} the subring of the formal power series ring K〈ξσ | σ ∈
I ′〉[[X]] consisting of entire power series, i.e., those ∑i0 ciXi such that
|ci |Mi → 0 as i → ∞,
for all M ∈ R. By Proposition 2.1 and the arguments in [4, Section 2] dealing with Banach
modules satisfying the property (Pr), we have the following
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P
(
(ξσ )σ∈I ′,X
) := det(1 −XT (π)|S(G;Γ1(N)))
= 1 +
∑
i1
ciX
i ∈ K〈ξσ | σ ∈ I ′〉{{X}}
of T (π) on S(G;Γ1(N)) with |ci | 1. Furthermore, for any (sσ )σ∈I ′ ∈W(n,v)(Cp), we see that
P
(
(sσ )σ∈I ′,X
)= 1 +∑
i1
ci
(
(sσ )σ∈I ′
)
Xi ∈ K(s,t){{X}}
is the characteristic power series of T (π) on S(s,t)(G;Γ1(N)).
Let α be a non-negative rational number. For (sσ )σ∈I ′ ∈W(n,v)(Cp), let S(s,t)(G;Γ1(N))αCp
be the Cp-subspace of S(s,t)(G;Γ1(N)) ⊗K(s,t) Cp generated by all generalized T (π)-eigen-
spaces for all eigenvalues λ such that ordp(λ) = α. We say that f ∈ S(s,t)(G;Γ1(N)) ⊗K(s,t) Cp
has T (π)-slope α if f is in S(s,t)(G;Γ1(N))αCp . Since Scl(n′,v′)(G;Γ1(N);Cp) with any
classical weight (n′, v′) ∈ W cl(n,v) is stable under T (π), we can define the Cp-subspace
Scl
(n′,v′)(G;Γ1(N);Cp)α of T (π)-slope α as well. In the following subsections, we shall in-
vestigate p-adic automorphic forms which have small T (π)-slope.
2.2. Classicality of p-adic automorphic forms
In Lemma 1.2 (without the condition (ram)), we have seen that the spaces of classical auto-
morphic forms are included in spaces of p-adic automorphic forms. Now we shall see that p-adic
automorphic forms of small T (π)-slope are classical. Namely,
Theorem 2.3. Let α ∈ Q0 and (n′σ )σ∈I ′ ∈ W cl(n,v). If the condition
α < νn′ := min
1is
{
1
e(pi )
(
min
σ∈Ii
{
n′σ
}+ 1)}
is satisfied, then we have (without the condition (ram))
S(n′,v′)
(
G;Γ1(N)
)α
Cp
= Scl(n′,v′)
(
G;Γ1(N);Cp
)α
.
Proof. By the isomorphism (13) in Section 1, we see that the Cp-Banach quotient space(
S(n′,v′)
(
G;Γ1(N)
)⊗K Cp)/Scl(n′,v′)(G;Γ1(N);Cp)
is isomorphic to a direct summand of the direct sum of h-copies of the orthonormizable Cp-
Banach quotient space
L˜
(
n′, v′;Cp〈xσ | σ ∈ I ′〉
)
/L(n′, v′;Cp)
whose orthonormal basis is
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{( ∏
τ∈I\I ′
Xaττ Y
bτ
τ
) ∏
σ∈I ′
xmσσ
∣∣∣∣ aτ + bτ = nτ with aτ , bτ  0, mσ  0
and mσ > n′σ for some σ
}
.
By the actions (3), (4) and (6) on the variables Xτ ,Yτ and xσ in Section 1.2, we then see easily
that ∣∣T (π)∣∣ p−νn′
on (L˜(n′, v′;Cp〈xσ | σ ∈ I ′〉)/L(n′, v′;Cp))h. Hence we see that if α < νn′ , then the image
of any generalized T (π)-eigenvector of slope α is 0 in (S(n′,v′)(G;Γ1(N)) ⊗K Cp)/Scl(n′,v′)(G;
Γ1(N);Cp). So we have
S(n′,v′)
(
G;Γ1(N)
)α
Cp
= Scl(n′,v′)
(
G;Γ1(N);Cp
)α
. 
Remark 2.2. It is known that the spaces of definite quaternionic automorphic forms over Q
defined by means of homogeneous polynomials of degree n are isomorphic to the spaces of
elliptic cusp forms of weight k = n + 2 by Jacquet-Langlands’ theorem (cf. [3, Theorem 2]).
Coleman [6, Theorems 6.1 and 8.1] showed that p-adic overconvergent modular forms of weight
k and Up-slope α are classical if α < k − 1 (= n + 1). Since s = 1 and e(p) = 1 in the case
of F = Q, Theorem 2.3 is an analogue of that result of Coleman.
2.3. The local constancy of dimCp S(s,t)(G;Γ1(N))αCp
We assume the condition (ram), i.e., e(pi ) < p − 1 if p > 2, or e(pi ) < δi if p = 2, for
all i = 1, . . . , s. Let α ∈ Q0. By applying [4, Lemma 4.4] with r = 1 to the characteristic
power series P((ξσ )σ∈I ′ ,X) obtained in Proposition 2.2, we have immediately the local con-
stancy of dimCp S(s,t)(G;Γ1(N))αCp with respect to the I ′-part (sσ )σ∈I ′ of p-adic weights (s, t)
as in [7, Theorem B3.4]. Namely, we see that there exists a non-negative rational number m(α)
depending only on α such that if (sσ )σ∈I ′ , (s′σ )σ∈I ′ ∈W(n,v)(Cp) satisfy that |sσ − s′σ | p−m(α)
for all σ ∈ I ′, then we have
dimCp S(s,t)
(
G;Γ1(N)
)α
Cp
= dimCp S(s′,t ′)
(
G;Γ1(N)
)α
Cp
.
In this subsection, we shall give an explicit description of m(α) by applying Chenevier’s argu-
ment in [5, Section 5], which is an application of the following
Lemma 2.4. (Cf. Wan [22, Lemma 4.1].) Let P1(X) and P2(X) be in OCp [[X]] with P1(0) =
P2(0) = 1. Let N1(x) and N2(x) be the functions on R0 whose graphs are the Newton polygons
of P1(X) and P2(X), respectively. We assume that there exists a monotone increasing continuous
function ν :R0 → R such that
(i) ν(0) 0;
(ii) Ni(x) xν(x) for x  1;
(iii) limx→∞ ν(x) = ∞;
(iv) the function xν−1(x) :R0 → R is increasing on R0,
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P1(X) ≡ P2(X)
(
mod p[αν−1(α)]+δ
)
holds with some α ∈ Q0 and δ ∈ Q>0, then the slope α-part of N1(x) and N2(x) are equal.
Here the symbol [x] denotes the smallest integer which is at least as large as x.
Firstly, we shall obtain a monotone increasing function by which the Newton polygon N(s,t)
of the characteristic power series P((sσ )σ∈I ′,X) for any (sσ )σ∈I ′ ∈W(n,v)(Cp) can be bounded
from the bottom. Under the identification (13) in Definition 1.3(2), we regard S(s,t)(G;Γ1(N))
as a direct summand of the orthonormizable K(s,t)-Banach module Sh(s,t) for which we can also
have the characteristic power series
P ′
(
(sσ )σ∈I ′ ,X
)=: 1 +∑
i1
c′i
(
(sσ )σ∈I ′
)
Xi ∈ K(s,t){{X}}
with |c′i ((sσ )σ∈I ′)| 1. Since N(s,t) is bounded by the Newton polygon N ′(s,t) of P ′((sσ )σ∈I ′ ,X)
from the bottom, it is enough to obtain a monotone increasing function by which N ′(s,t) is
bounded.
We can take the set
{
eM,a := (0, . . . ,M, . . . ,0)
}
M∈M,1ah
as an orthonormal basis of Sh(s,t), where we put the set of monomials
M :=
{( ∏
τ∈I\I ′
Xaττ Y
bτ
τ
) ∏
σ∈I ′
xmσσ
∣∣∣∣ aτ + bτ = nτ with aτ , bτ  0, mσ  0
}
and M sits in the ath component in eM,a . We can evaluate the p-adic valuations of coefficients
c′i ((sσ )σ∈I ′) of P ′((sσ )σ∈I ′,X) by means of the representation matrix of T (π) with respect to
this basis by a similar argument to [5, Section 5.1]. Then we can prove the following
Proposition 2.5. Assume the condition (ram). Let N(s,t)(x) be the Newton polygon of the
characteristic power series P((sσ )σ∈I ′,X) of T (π) acting on S(s,t)(G;Γ1(N)) for (sσ )σ∈I ′ ∈
W(n,v)(Cp). Then we have
N(s,t)(x) xν(x)
for all (sσ )σ∈I ′ ∈W(n,v)(Cp) and x ∈ R0, where we put the function
ν(x) := 2λg
′
(g′ + 1)(g′ + 2)2
(
g′!
hn
) 1
g′ (
x
1
g′ − (hn(g′ + 1)) 1g′ )
on R0 with the positive rational number λ := min1is{ 1e(pi ) } − 1p−1 if p > 2, or λ :=
min1is{ 1 } if p = 2, and hn := h∏τ∈I\I ′(nτ + 1).e(pi )
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ν(0) < 0 and lim
x→∞ν(x) = ∞.
Moreover, the inverse function of ν,
ν−1(x) = hn
(
(g′ + 1)(g′ + 2)2
2λg′(g′!) 1g′
x + (g′ + 1) 1g′
)g′
,
is also a monotone increasing function on R0 and ν−1(x) 0 for x  0.
Secondly, we investigate the characteristic power series P((ξσ )σ∈I ′,X) for T (π) on
S(G;Γ1(N)). The coefficients ci ∈ K〈ξσ | σ ∈ I ′〉 (i  1) of P((ξσ )σ∈I ′ ,X) can be regarded
as analytic functions on W(n,v). Then, by a similar argument to [5, Section 5.2], we have the
following
Proposition 2.6. Assume the condition (ram). Let (sσ )σ∈I ′ , (s′σ )σ∈I ′ ∈W(n,v)(Cp). We assume
that there exists an integer m 0 such that
∣∣sσ − s′σ ∣∣ p−m·max1is { 1e(pi ) }
for all σ ∈ I ′. Then we have
∣∣ci((sσ )σ∈I ′)− ci((s′σ )σ∈I ′)∣∣ p−(m+λ′)min1is { 1e(pi ) }
for all i  1, where we put the positive rational number λ′ := min1is{1 − e(pi )p−1 } if p > 2, or
λ′ := min1is{δi − e(pi )} if p = 2.
For α ∈ Q0, we put
m(α) :=
(
max1is{e(pi )}
min1is{e(pi )}
)[
αν−1(α)
]
.
By Propositions 2.5 and 2.6 and Lemma 2.4 combined with [18, Corollary of Section IV.4], we
obtain the following
Theorem 2.7. Assume the condition (ram). Let α ∈ Q0 and (sσ )σ∈I ′, (s′σ )σ∈I ′ ∈W(n,v)(Cp). If
|sσ − s′σ | p−m(α) for all σ ∈ I ′, then we have
dimCp S(s,t)
(
G;Γ1(N)
)α
Cp
= dimCp S(s′,t ′)
(
G;Γ1(N)
)α
Cp
.
Further, by Theorem 2.3, we then have immediately the following
Corollary 2.8. Assume the condition (ram). If (n′σ )σ∈I ′ , (n′′σ )σ∈I ′ ∈ W cl(n,v) satisfy the conditions
that |n′σ − n′′σ | p−m(α) for all σ ∈ I ′ and νn′ , νn′′ > α, then we have
dimCp Scl(n′,v′)
(
G;Γ1(N);Cp
)α = dimCp Scl(n′′,v′′)(G;Γ1(N);Cp)α.
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with the positive rational number λ′. This corollary is an analogue of Coleman’s result [6, The-
orem B3.4] which gives a solution to a conjecture of Gouvêa and Mazur [10, Conjecture 1 in
Section 5].
As a corollary to the above corollary, we can see the following fact by a similar argument to
the proof of [5, Corollaire 5.3.4]:
Corollary 2.9. Assume the condition (ram). Then we see that the subset of Q0 consisting
of T (π)-slopes for the spaces of classical automorphic forms of level Γ1(N) on G is discrete.
3. Hecke varieties
Let the notation be as in the previous section. We assume the condition (ram), i.e., e(pi ) <
p − 1 if p > 2, or e(pi ) < δi if p = 2, for all i = 1, . . . , s. In this section, we shall introduce
Hecke algebras on the spaces of p-adic automorphic forms and obtain the affinoid Hecke va-
rieties parametrizing Cp-valued Cp-algebra homomorphisms on the Hecke algebras acting on
the spaces of p-adic automorphic forms of fixed T (π)-slope by applying Chenevier’s arguments
in [5, Section 6.2]. And then, we shall construct the rigid analytic Hecke spaces by gluing the
affinoid Hecke varieties together following [5, Section 6.3] combined with [4, Sections 4 and 5].
3.1. Hecke algebras on p-adic automorphic forms
Recall that we have fixed a finite extension K over Qp whose ring of integers is denoted byO.
Let SO be the O〈ξσ | σ ∈ I ′〉-Banach module defined in the same way as the K〈ξσ | σ ∈ I ′〉-
Banach module S, by replacing K with O. In the same manner, we define SO(G;Γ1(N)) in
analogy with S(G;Γ1(N)). We define a semigroup
Δ1(N) :=
{
x ∈ Rˆ ∩G(Af) with xN =
(
a b
c d
) ∣∣∣∣ a − 1, c ∈ NON
}
which contains Γ1(N). For any prime ideal l of F at which B ramifies, we can decompose the
subset {x ∈ Δ1(N) | ν(x)O = l} of Δ1(N) as a finite disjoint union ⊔j Γ1(N)xjΓ1(N) with
xj ∈ Δ1(N), where ν :G → F× is the reduced norm map on G. For each j , we can decompose
Γ1(N)xjΓ1(N) to a finite disjoint union
Γ1(N)xjΓ1(N) =
⊔
k
ykΓ1(N)
with yk ∈ Γ1(N)Δ1(N)Γ1(N) such that det((yk)σ ) ∈ O× for each σ ∈ I . For any element
y ∈ Γ1(N)Δ1(N)Γ1(N) such that det(yσ ) ∈ O× for each σ ∈ I , we define an O〈ξσ | σ ∈ I ′〉-
endomorphism [y] on P ∈ SO as
[y] · P :=
∏
τ∈I\I ′
det(yτ )vτ
( ∏
σ∈I ′
jσ (yσ )
ξσ
〈
det(yσ )
〉μ(n,v)−ξσ
2
)
× P (((Xτ ,Yτ )tyιτ ) ′ ; (ξσ , yσ · xσ )σ∈I ′), (16)τ∈I\I
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for σ ∈ I ′ are defined in the same way as the action (11) in Section 1.2. For γ ∈ Γ1(N) and
σ ∈ I ′, we have det(γσ ) = 〈det(γσ )〉 in O×. Therefore the above action (16) is the same as [γ ]
given in (10) for γ ∈ Γ1(N). Then we define the Hecke operator
T (l) =
∑
j
[
Γ1(N)xjΓ1(N)
]
on f ∈ SO(G;Γ1(N)) as the summation over j of operators
(
f
∣∣ [Γ1(N)xjΓ1(N)])(x) :=∑
k
[yk] · f (xyk)
(
x ∈ G(Af)
)
. (17)
On the other hand, for any prime ideal l at which B is unramified, we fix a prime element λ of
the l-adic completion Fl of F . When l is prime to N , we define the Hecke operators
T (l, l) =
[
Γ1(N)
(
λ 0
0 λ
)
Γ1(N)
]
and
T (l) =
[
Γ1(N)
(
1 0
0 λ
)
Γ1(N)
]
in the same way as (17). In the same manner, we define the Hecke operator
T (λ) =
[
Γ1(N)
(
1 0
0 λ
)
Γ1(N)
]
when l divides N and is prime to p1 · · ·ps . Here
(
λ 0
0 λ
)
and
( 1 0
0 λ
)
denote elements of Δ1(N)
whose l-parts are
(
λ 0
0 λ
)
and
( 1 0
0 λ
)
, respectively, and whose other parts are trivial. Note that the
operators T (l, l) and T (l) are determined independently of the choice of λ for each prime ideal
l prime to N . For each i = 1, . . . , s, we have already fixed the prime element πi at pi . We now
define the Hecke operator
T (πi) =
[
Γ1(N)
(
1 0
0 πi
)
Γ1(N)
]
in the same way as T (π) in Section 2.1. We then define the Hecke algebra H as the O〈ξσ | σ ∈
I ′〉-subalgebra in EndO〈ξσ |σ∈I ′〉(SO(G;Γ1(N))) generated by T (l, l) (for prime ideals l prime to
N at which B is unramified), T (l) (for all prime ideals l prime to N ) and T (λ) (for l | N ). Note
that the operator T (π) defined in Section 2 can be regarded as the element
∏s
i=1 T (πi) inH. By
a similar argument to the proof of [5, Proposition 4.5.5], we can see the following
Proposition 3.1. The Hecke algebra H is a commutative profinite semi-local O〈ξσ | σ ∈ I ′〉-
algebra whose structure morphismO〈ξσ | σ ∈ I ′〉 →H is continuous with respect to the 
 -adic
topology, where we put a maximal ideal 
 := (π ′, ξσ | σ ∈ I ′) of O〈ξσ | σ ∈ I ′〉 with a prime
element π ′ of K . In particular, H is compact.
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Let α ∈ Q0 and m(α) the number in Section 2.3. We denote by Bn the g′-dimensional
affinoid closed ball over K of radius p−m(α) around (nσ )σ∈I ′ , for which the set of Cp-valued
points is
Bn(Cp) :=
{
(sσ )σ∈I ′ ∈W(n,v)(Cp)
∣∣ |nσ − sσ | p−m(α) for all σ ∈ I ′}.
Then the affinoid algebra A(Bn) associated to Bn is K〈 ξσ−nσpm(α) | σ ∈ I ′〉, which includes K〈ξσ |
σ ∈ I ′〉. Let S(Bn) be the A(Bn)-Banach module defined in the same way as the K〈ξσ | σ ∈ I ′〉-
Banach module S, by replacing ξσ−nσ
pm(α)
for ξσ for all σ ∈ I ′. In the same way, we define
S(Bn)(G;Γ1(N)) having the property (Pr) of [4, Section 2] in analogy with S(G;Γ1(N)), on
which the Hecke operator T (π) acts completely continuously. By Theorem 2.7 and [5, Proposi-
tions 5.4.1 and 5.4.4] combined with [4, Theorem 3.3], we have a decomposition
S(Bn)
(
G;Γ1(N)
)= S(Bn)(G;Γ1(N))1 ⊕ S(Bn)(G;Γ1(N))2, (18)
where S(Bn)(G;Γ1(N))1 is a projective A(Bn)-module of rank d := dimCp S(n,v)(G;Γ1(N))αCp
being stable under actions induced by the Hecke algebra H. We denote by h the image of the
natural homomorphism
a :H→H⊗O〈ξσ |σ∈I ′〉 A(Bn) → EndA(Bn)
(
S(Bn)
(
G;Γ1(N)
)
1
)
.
Then we can prove that h is a K-affinoid algebra by [1, Propositions 1 and 3 of 3.7.3, Proposi-
tion 5 of 6.1.1]. Let X be the affinoid space associated to h. We call it affinoid Hecke variety. By
[5, Lemme 6.2.10], we can see that the restriction of the finite structure morphism
ϕ :X → Bn
to each irreducible component of X is surjective. We denote by X(s,t) the fiber
X ⊗A(Bn) A(Bn)
/(ξσ − nσ
pm(α)
− sσ − nσ
pm(α)
∣∣∣∣ σ ∈ I ′
)
of X over each Cp-valued point (sσ )σ∈I ′ ∈ Bn(Cp). We know that the kernel of the natural
homomorphism
b :h ⊗A(Bn) A(Bn)
/(ξσ − nσ
pm(α)
− sσ − nσ
pm(α)
∣∣∣∣ σ ∈ I ′
)
→ EndCp
(
S(s,t)
(
G;Γ1(N)
)α
Cp
)
is nilpotent by [5, Lemme 6.2.5]. We put Hα
(s,t)
:= (Imb) ⊗K(s,t) Cp . Then we can see easily the
following
Theorem 3.2. Assume the condition (ram). We have a bijection between X(s,t)(Cp) and the set
HomCp-alg(Hα(s,t),Cp) of Cp-algebra homomorphisms on Hα(s,t) to Cp for (sσ )σ∈I ′ ∈ Bn(Cp),
which is given by the mapping
x → (Hα(s,t) modx−−−→ Cp).
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tors in Hα(s,t), there exists a point xf ∈ X(s,t)(Cp) such that we have
f | T = (T (xf ))f
for all T ∈Hα(s,t).
3.3. Rigid analytic Hecke spaces
By Proposition 2.2, we know that the Hecke operator T (π) acts on the space S(G;Γ1(N)) of
p-adic automorphic forms completely continuously and has the characteristic power series
P
(
(ξσ )σ∈I ′,X
)= 1 +∑
i1
ciX
i ∈ 1 +K〈ξσ | σ ∈ I ′〉{{X}}
with ci ∈ O〈ξσ | σ ∈ I ′〉 for all i  1. We define the closed rigid analytic subspace Z defined
over K in W(n,v) ×K A1rig as the zero locus of P((ξσ )σ∈I ′ ,X), where A1rig is the rigid analytic
affine line over K . We denote by p1 and p2 the projections from Z to W(n,v) and A1rig, respec-
tively. Now Buzzard’s eigenvariety machine [4, Part I] combined with a similar argument to [5,
Section 6] gives us the following
Theorem 3.3. Let the notation be as above. In particular, we assume the condition (ram). Then
there exist a rigid analytic space D = D(G;Γ1(N)) with a continuous O〈ξσ | σ ∈ I ′〉-algebra
homomorphism
A :H→OrigD (D)0,
where OrigD (D)0 is the ring of rigid analytic functions on D whose spectral semi-norms are at
most 1, and a commutative diagram
D
Φ
φ
A(T (π))−1
W(n,v) Z
p1 p2
A1rig
(19)
such that
(i) φ is a finite morphism of rigid analytic spaces;
(ii) A(T (π)) is invertible on D;
(iii) for any x ∈ D(Cp), there exists an open neighborhood Ωx of x in D such that
(a) the mapping Ωx(Cp)  y → |A(T (π))(y)| is constant on Ωx ;
(b) Φ(Ωx) is an open affinoid in W(n,v);
(c) the restriction Φ|Ωx :Ωx → Φ(Ωx) is a finite morphism whose restriction to each irre-
ducible component of Ωx is surjective to an irreducible component of Φ(Ωx);
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D(Cp)  x →
(H  T → A(T )(x))
induces a bijection between the set of all x ∈ D(Cp) such that Φ(x) = (sσ )σ∈I ′ and⋃
α HomCp-alg(Hα(s,t),Cp), where α runs through all finite T (π)-slopes on S(s,t)(G;Γ1(N)).
Remark 3.1. By a similar argument to the proof of [5, Théorème 6.3.6], as the open neighbor-
hood Ωx for each x ∈ D(Cp) in (iii), we can take the affinoid Hecke variety associated to an
affinoid closed ball around (sσ )σ∈I ′ whose radius is sufficiently small, which is constructed by
the same way as in Theorem 3.2.
Remark 3.2. It is possible to define “r-overconvergent automorphic forms” with some rigid ana-
lytic weight space and to construct “eigenvarieties” of dimension g′ + rankZp ((
∏s
i=1 O
×
pi )/O
×)
with the closure O× of the group O× of units in F as does Buzzard in [4, Part III].
By the same argument as in [5, Section 6.4], we can see the following properties of irreducible
components of the rigid analytic Hecke space D for which we shall omit the proofs here. We
say that x ∈ D(Cp) is very classical if Φ(x) = (sσ )σ∈I ′ ∈ W cl(n,v) and ordp(A(T (π))(x)) < νs ,
where νs is the positive rational number associated to (sσ )σ∈I ′ defined in Theorem 2.3 (cf. [5,
Définitions in Section 6.4.5]):
Proposition 3.4.
(1) D is equidimensional of dimension g′.
(2) The restriction of φ :D → Z to each irreducible component of D is surjective to an irre-
ducible component of Z.
(3) The image of each irreducible component of D under Φ is Zariski-open in W(n,v).
(4) In each irreducible component of D, the set of all very classical points is Zariski-dense.
In particular, there are infinitely many points which are very classical in each irreducible
component of D.
4. Applications to Hilbert cusp forms
Let the notation be as in the previous section. Assume the condition (ram), i.e., e(pi ) <
p − 1 if p > 2, or e(pi ) < δi if p = 2, for all i = 1, . . . , s. In this section, we as-
sume that B is unramified at all finite places of F . This implies that g is even by the
Hasse principle (cf. [23, XIII, Sections 3 and 6]). As seen in Remark 1.1, it is known
that Scl(n,v)(G;Γ1(N);C) are isomorphic to the spaces of classical holomorphic Hilbert cusp
forms of weight (nσ + 2)σ∈I and level N by a result of Jacquet-Langlands and Shimizu
(cf. [13, Theorem 2.1]). We then have the duality theorem between the spaces of classi-
cal automorphic forms and the Hecke algebras acting on them (cf. [13, Theorem 5.1] com-
bined with [13, Theorem 2.1]). Therefore by Theorems 2.3 and 3.2, we see the follow-
ing
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ement in W cl(n,v) and satisfies νn′ > α, then there exists a classical eigenform fx ∈ Scl(n′,v′)(G;
Γ1(N);Cp)α such that
fx | T =
(
T (x)
)
fx
for all T ∈Hα
(n′,v′).
4.1. Galois representations associated to automorphic forms
In this subsection, we see that there exists a pseudo-representation taking values in the ring of
rigid analytic functions on the rigid analytic Hecke space D which gives Galois representations
associated to p-adic automorphic forms by applying arguments in [5, Sections 7.1 and 7.4].
We let OrigD be equipped with the finest topology for which the restriction map OrigD (D) →
OrigD (Ω) is continuous for any open affinoid subspace Ω of D (see [5, Section 7.1]). We
denote the nilreduction of D by Dred. Let X be the subset of Dred(Cp) consisting of all
very classical points. We take x ∈ X . We then put (n′σ )σ∈I ′ := Φ(x) ∈ W cl(n,v) and α :=
ordp(A(T (π))(x)). By Theorem 3.3(iv) and Corollary 4.1, there exists a classical eigenform
fx ∈ Scl(n′,v′)(G;Γ1(N);Cp)α such that fx | T = (A(T )(x))fx for all T ∈ H. It is known that
there exists a continuous Galois representation
ρx :GF,S → GL2(Q¯p)
associated to fx , i.e., for each prime ideal l of F prime to N , we have
Trace
(
ρx(Frobl)
)= A(T (l))(x),
where S := {places of F dividing N∞}, GF,S is the Galois group of the maximal Galois
extension over F unramified outside S and Frobl is a Frobenius element of GF,S at l (see
[21, Theorem 2] and [14, Section 2]). Since we can see that X is Zariski-dense in Dred(Cp)
as in Proposition 3.4(4), we can apply [5, Proposition 7.1.1] to our case to obtain the following
Theorem 4.2. Assume the condition (ram). There exists a unique continuous pseudo-represen-
tation of dimension 2
T :GF,S →OrigDred(Dred)
whose evaluation at each very classical point x ∈X coincides with Trace(ρx) :GF,S → Q¯p .
Furthermore, we can obtain the following corollary to the theorem above on Galois representa-
tions associated to p-adic automorphic eigenforms by applying the argument in [8, Section 5.1],
which generalizes a theorem of Wiles [25] on pseudo-representations of dimension 2 to the case
over rigid analytic spaces. We denote by Ir the sheaf of OrigDred -ideals generated by all the func-
tions {ξ(s, t) ∈ OrigDred(Dred) | (s, t) ∈ GF,S × GF,S}, where ξ(s, t) := a(st) − a(s)a(t) putting
a(s) := T (s)+T (cs) with complex conjugation c in GF,S :2
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S(s,t)(G;Γ1(N)) ⊗K(s,t) Cp of finite T (π)-slope, there exists a unique continuous semi-simple
representation
ρf :GF,S → GL2(Cp)
associated to f , i.e., for each prime ideal l of F prime to N , we have
f | T (l) = Trace(ρf (Frobl))f.
Moreover, the representation ρf is irreducible if and only if the corresponding point x ∈
Dred(Cp) to the eigenform f in Theorem 3.3(iv) is contained in the support of the ideal Ir .
Further, if there exists a pair (s0, t0) ∈ GF,S ×GF,S such that ξ(s0, t0) is not a zero-divisor in
OrigDred(Dred), then there exists a continuous Galois representation
ρ :GF,S → GL2
(OrigDred(Dred))
to which the pseudo-representation T is associated.
4.2. p-Adic analytic families in a special case
As an application of Theorem 3.2 and Corollary 4.1, we are going to obtain p-adic analytic
families of classical eigenforms passing through a given eigenform in a special case. Let α ∈ Q0
and assume that α < νn and dimCp Scl(n,v)(G;Γ1(N);Cp)α = 1, where νn is the rational number
defined in Theorem 2.3. Then we can see that S(Bn)(G;Γ1(N))1 is a free A(Bn)-module of
rank 1 and the structure homomorphism A(Bn) → h is the identity map. Thus we can take Bn
as the affinoid Hecke variety X. Since a(T ) ∈ A(Bn) is an analytic function defined over K
with norm  1 on the affinoid ball Bn for any T ∈ h, we see that if (sσ )σ∈I ′, (s′σ )σ∈I ′ ∈ Bn(Cp)
satisfy |sσ − s′σ | p−(M+m(α)) for all σ ∈ I ′ with some non-negative integer M , then we have
congruences in OCp ,
a(T )
(
(sσ )σ∈I ′
)≡ a(T )((s′σ )σ∈I ′) (mod pM)
for all T ∈ h. In this way, we obtain the following
Theorem 4.4. Assume the condition (ram). Let α ∈ Q0, m(α) the number defined in Section 2.3
and Bn g′-dimensional affinoid ball of radius p−m(α) around (nσ )σ∈I ′ defined over K . We as-
sume that α < νn and
dimCp Scl(n,v)
(
G;Γ1(N);Cp
)α = 1.
Let f ∈ Scl(n,v)(G;Γ1(N);Cp)α be an eigenform. Then there exists a set {aT | T ∈ h} of rigid
analytic functions on Bn defined over K having the following property: for any point (n′σ )σ∈I ′ in
Bn(Cp)∩W cl(n,v) such that νn′ > α, there exists an eigenform fn′ ∈ Scl(n′,v′)(G;Γ1(N);Cp)α such
that fn′ | T = (aT ((n′σ )σ∈I ′))fn′ for all T ∈ h, and fn has the same Hecke eigenvalues as f .
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then we have the following congruences in O for all T ∈ h:
(the T -eigenvalue for f ) ≡ (the T -eigenvalue for fn′)
(
mod pM
)
.
4.3. p-Adic analytic families of p′-new forms
In this subsection, we shall obtain p-adic analytic families of p′-new eigenforms passing
through a given classical eigenform parametrized by weights following Coleman’s arguments
for [7, Corollary B5.7.1] on p′-new eigenforms.
We assume that p > 2 and fix an arbitrary prime ideal p of F above p. We denote by f (p) and
e(p) the residue degree and the ramification index of p in F/Q, respectively. Now we are going
to be in the case where s = 1 and p1 = p as follows: Assume that e(p) < p − 1. Let M be an
integral ideal of F which is prime to p. We then fix an element π in F which is a prime element
for p and satisfies π ≡ 1 (mod M) (cf. [24, 1-3-5]). We fix a classical weight (n, v) ∈ W cl. We
say that a p-adic automorphic form g ∈ S(G;Γ1(Mp)) is p′-new if g vanishes under the trace
maps
TrΓ1(Mp)/Γ1(M ′p) =
[
Γ1(M
′p)
(
1 0
0 1
)
Γ1(Mp)
]
:S
(
G;Γ1(Mp)
)→ S(G;Γ1(M ′p))
for all integral ideals M ′ of F such that M ′ | M and M ′ = M , where TrΓ1(Mp)/Γ1(M ′p) is defined
as follows: we decompose Γ1(M ′p) to a finite disjoint union
Γ1(M
′p) =
⊔
i
ζiΓ1(Mp)
with ζi ∈ Γ1(M ′p). For g ∈ S(G;Γ1(Mp)), we define
(
TrΓ1(Mp)/Γ1(M ′p)(g)
)
(x) :=
∑
i
[ζi] · g(xζi)
(
x ∈ G(Af)
)
with the action (10) in Section 1.2. Then we can see that the space Sp′-new(G;Γ1(Mp)) of p-adic
p′-new automorphic forms is a K〈ξσ | σ ∈ I ′〉-Banach module satisfying the property (Pr) of
[4, Section 2], on which T (π) acts completely continuously.
Let α ∈ Q0. For Sp′-new(G;Γ1(Mp)), we can prove a similar assertion to Theorem 3.2, i.e.,
there exists an affinoid Hecke algebra hp′-new giving an affinoid Hecke variety ϕ : Xp′-new → B
over a g′-dimensional affinoid ball over K (of radius p−m with some non-negative integer m)
around (nσ )σ∈I ′ , which parametrizes p-adic p′-new automorphic forms of fixed finite T (π)-
slope.
We can define classical p′-new automorphic forms of level Γ1(Mp) as well. Then we can see
that the space of classical p′-new automorphic forms of level Γ1(Mp) and weight (n, v) is the
direct sum of the space of newforms of level Γ1(Mp) and 2-dimensional spaces Sp-oldg0 generated
by g0 and g0|(n,v)
(
π 0
0 1
)
for all newforms g0 of level Γ1(M), where
(
π 0
0 1
)
stands for the element
of G(Af) whose p-part is the diagonal matrix
(
π 0 ) and whose other parts are ( 1 0 ). Here we0 1 0 1
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(g|(n,v)γ )(x) := γ · g(xγ ) (20)
using the action (2) in Section 1.1. By means of the decomposition
Γ1(Mp)
(
1 0
0 π
)
Γ1(Mp) =
⊔
u∈Op/pOp
(
1 0
uπ π
)
Γ1(Mp),
we can see easily that the determinant of T (π) on Sp-oldg0 is equal to pf (p)(1+μ(n,v))π−
∑
σ∈I ′ 2vσ σ
for any classical newform g0 of level Γ1(M) and weight (n, v) because of the condition π ≡ 1
(mod M). Now we assume that
α = f (p)
2
(
1 +μ(n, v))− 1
e(p)
∑
σ∈I ′
vσ .
Then the Hecke algebra acts semi-simply on the space of classical p′-new automorphic forms
of level Γ1(Mp) and T (π)-slope α by [19, Theorem 1]. Now we assume that α < νn and take
a classical p′-new eigenform f ∈ Scl(n,v)(G;Γ1(Mp);Cp)α . Let xf be the Cp-valued point of
X
p′-new
(n,v) corresponding to f . Since the localization of the affinoid algebra A(B) at the closed
point (nσ )σ∈I ′ satisfies Hensel’s condition (in the sense of [2, Section III.4.no5]) by [20, Lemma
in p. 70], we see that the finite morphism ϕ :Xp′-new → B of affinoid spaces has a section s on
some neighborhood B′ (of radius p−m′ with some integer m′ m) defined over K of (nσ )σ∈I ′
such that s((nσ )σ∈I ′) = xf by [2, Proposition 8 of III.4.no6] and Theorem 2.3. Therefore, by
Theorem 3.2, we see that the set {T ◦ s | T ∈ hp′-new} of rigid analytic functions defined over K
with norm  1 on B′ gives a p-adic analytic family of classical p′-new automorphic forms of
level Γ1(Mp) having T (π)-slope α parametrized by weights:
Theorem 4.5. Assume that p > 2. Let α ∈ Q0 and (n, v) ∈ W cl. We assume that e(p) < p − 1,
νn > α and α = f (p)2 (1+μ(n, v))− 1e(p)
∑
σ∈I ′ vσ . Let f ∈ Scl(n,v)(G;Γ1(Mp);Cp)α be a classi-
cal p′-new eigenform. Then there exist a g′-dimensional affinoid ball B′ (of radius p−m′ ) contain-
ing (nσ )σ∈I ′ and a set {aT | T ∈ hp′-new} of rigid analytic functions on B′ defined over K having
the following property: for any (n′σ )σ∈I ′ ∈ B′(Cp)∩W cl(n,v) satisfying νn′ > α, there exists a clas-
sical p′-new eigenform fn′ ∈ Scl(n′,v′)(G;Γ1(Mp);Cp)α such that fn′ | T = (aT ((n′σ )σ∈I ′))fn′ for
all T ∈ hp′-new, and fn has the same Hecke eigenvalues as f .
In particular, if (n′σ )σ∈I ′ ∈ B′(Cp) ∩ W cl(n,v) satisfies |nσ − n′σ |  p−(M+m
′) with some non-
negative integer M for all σ ∈ I ′, then we have the congruences
(the T -eigenvalue for f ) ≡ (the T -eigenvalue for fn′)
(
mod pM
)
for all T ∈ hp′-new in the ring Of of integers in the finite extension Kf over K generated by all
Hecke eigenvalues of f .
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